Hypercube is a popular and more attractive interconnection networks. The attractive properties of hypercube caused the derivation of more variants of hypercube. In this paper, we have proposed two variants of hypercube which was called as "Fractal Cubic Network Graphs", and we have investigated the Hamiltonian-like properties of Fractal Cubic Network Graphs FCNG r ðnÞ. Firstly, Fractal Cubic Network Graphs FCNG r ðnÞ are defined by a fractal structure. Further, we show the construction and characteristics analyses of FCNG r ðnÞ where r ¼ 1 or r ¼ 2. Therefore, FCNG r ðnÞ is a Hamiltonian graph which is obtained by using Gray Code for r ¼ 2 and FCNG 1 ðnÞ is not a Hamiltonian Graph. Furthermore, we have obtained a recursive algorithm which is used to label the nodes of FCNG 2 ðnÞ. Finally, we get routing algorithms on FCNG 2 ðnÞ by utilizing routing algorithms on the hypercubes.
Introduction
In this paper, we considered a new perspective for network topologies. The most basic network topologies used in practice are trees, cycles, grids, tori, meshes and hypercubes. We used hypercube topology for construction of a hypercube variant e called Fractal Cubic Network Graph.
In recent years, hypercubes of dimension n HðnÞ have been studied extensively main properties (cf. the survey [16] and [7, 9, 12, 13, 23, 24, 26, 28] ). Also, hypercube variants have been derived to ensure the performance increasing of hypercubes. These are the Folded Hypercube ( [2, 8] ), the Crossed Cube (Twisted Cube) ( [11, 14, 22] ) and the Hierarchical Cubic Network (cf. the survey [1] and [10, 17, 18] ) which are the most popular hypercube variants. Aims of these approaches are just to reduce the diameter of the hypercube but reserve its advantages.
Rest of paper, we denote Fractal Cubic Network Graph (FCNG r ðnÞ) where r ¼ 1 or r ¼ 2. Fractal Cubic Network Graph (FCNG r ðnÞ) is defined and constructed as hyper-cubic networks. FCNG r ðnÞ is a recursive graph which is constructed by a fractal structure in Fig. 1 . FCNG 2 ðnÞ is a Hamilton Graph and FCNG 1 ðnÞ is not a Hamiltonian Graph.
In this paper, we have investigated the Hamiltonian-like properties of FCNG r ðnÞ. The rest of this paper is organized as follows. Section 2 informs about fractals. Section 3 describes the definitions of FCNG r ðnÞ and shows the characteristics analyses of FCNG r ðnÞ. The recursive algorithm, which is to label to the nodes of mesh structure in Theorem 4, is given in Section 4. In Section 5, we get routing algorithms on FCNG 2 ðnÞ are similar to the routing algorithms on the hypercubes. In Section 6, we give deriving subcubes from faulty hypercubes. Finally, we give a conclusion.
Background and related work
In 1902, Jacques Hadamard introduced the idea of well-posed problem in differential equations theory. According to Hadamard, a well-posed problem must have three properties. These are existence, uniqueness and sensitively related to initial condition. First definition of Chaos is third properties. In the last century, one of the greatest revolutions in science, Chaos Theory was emerged by Edward Lorenz. In 1961, Lorenz was using a numerical computer model to rerun a weather prediction, when, as a shortcut on a number in the sequence, he entered the decimal .506 instead of entering the full .506127. The result was a completely different weather scenario. This study was a spearhead study. With the increase in popularity of the theory of chaos, until then made theoretical studies was questioned and reexamined. It was effected different research areas and uncovered different approaches. One of these different approaches was fractal [6] .
The fractal is a geometric pattern that is repeated at ever smaller scales to produce irregular shapes and surfaces that can't be represented by classical geometry. The term "fractal" was first used by mathematician Benoit Mandelbrot in 1975 [25] . Mandelbrot based it on the Latin fr actus meaning "broken" or "fractured". Mandelbrot, research noise on data transmission, came across fractal structure.
Fractal patterns with various degrees of self-similarity have been rendered or studied in images, structures and sounds and found in nature, technology and art [3, 30] . Besides, in addition, Fractals emerge in connection with nonlinear and chaotic systems. So, there are many mathematical structures that are fractals; e.g. Sierpinski Triangle, Koch Snowflake, Peano Curve, Julia Set, Mandelbrot Set, and Lorenz Attractor [29] .
An interconnection network is usually represented by a graph G ¼ ðV; EÞ, which is a pair of sets where V represents the set of nodes and E represents the set of edges. A hypercube graph HðnÞ has been used for interconnection networks.
The hypercube graph HðnÞ is a recursively definable graph. HðnÞ of dimension n connects up to 2 n nodes, each of which can be labeled by n-bit address uniquely, using a direct connection between two nodes if and only if their n-bit addresses differ in exactly one bit position. The reason for the popularity of the HðnÞ can be attributed to its topological properties, the ability to use simple routing algorithms and the ability to permit the embedding of commonly-rewired interconnection patterns.
There are various types of graphs which are obtained from fractals [4, 5, 15, 21, 27] . In [19] , Komjathy et al. demonstrated generation of hierarchical scale-free graphs from fractals. Here, we generate a network topology from the fractal structure in Fig. 1 .
Construction and analytical properties of FCNG r ðnÞ
In this section, we give the definitions of FCNG r ðnÞ and show the characteristics analyses of FCNG r ðnÞ. 
¼ 11 k fð00; 01Þ; ð00; 10Þ; ð10; 11Þ; ð01; 11Þg∪ 01 k fð00; 01Þ; ð00; 10Þ; ð10; 11Þ; ð01; 11Þg∪ 10 k fð00; 01Þ; ð00; 10Þ; ð10; 11Þ; ð01; 11Þg∪ 00 k fð00; 01Þ; ð00; 10Þ; ð10; 11Þ; ð01; 11Þg ∪ E 0 fð1100; 1101Þ; ð1100; 1110Þ; ð1110; 1111Þ; ð1101; 1111Þg∪ fð0100; 0101Þ; ð0100; 0110Þ; ð0110; 0111Þ; ð0101; 0111Þg∪ fð1000; 1001Þ; ð1000; 1010Þ; ð1010; 1011Þ; ð1001; 1011Þg∪ fð0000; 0001Þ; ð0000; 0010Þ; ð0010; 0011Þ; ð0001; 0011Þg∪ E 0 where the first order external edges are E 0 ¼ fð0011; 0111Þ; ð0011; 1011Þ; ð1011; 1111Þ; ð0111; 1111Þg. c) FCNG 1 ðkÞ is a fractal network graph which is obtained by connecting the number of four FCNG 1 ðk À 1Þ graphs. For example, mesh structure in Fig. 5 is FCNG 1 (3).
The following Fig. 1 is an example for a fractal structures. Example 1. Assume that initial node is 11. Then, labeling of nodes of FCNG 1 ð0Þ is same as labeling of nodes of Hð2Þ.
Example 2. FCNG 1 ð1Þ can be constructed by combining four Hð2Þ graphs. There will be 16 edges by concatenating 11; 01; 10; 00 partial binary labels to all labels of nodes of Hð2Þ. Then there will be 4 edges by. The labels a 3 a 2 zffl}|ffl{ Definition 2. A subgraph of a graph G is a graph whose vertex set is a subset of that of G, and whose adjacency relation is a subset of that of G restricted to this subset. A subgraph H is a spanning subgraph of a graph G if it has the same vertex set as G.
Lemma 1. The total number of nodes in FCNG 1 ðkÞ is 2 2kþ2 in the network topology which obtained from fractal structure.
Proof. Easily, the proof has accomplished by mathematical induction. 
is an edge of Hð2k þ 2Þ; however, it is not an edge of FCNG 1 ðkÞ. -
Eulerian properties of FCNG 1 ðkÞ
A graph G is an Euler graph if it has the following two properties: a) G has got an Eulerian circuit where it visits all edges of graph exactly once and returns to started node. b) The node degrees of G are all even.
The Eulerian properties of FCNG 1 ðkÞ is investigated in this section. Firstly, we find an Eulerian circuit of FCNG 1 ðkÞ can be obtained by removing an edge at each step. Since the degrees of all nodes are even. FCNG 1 ðkÞ is not an Hamiltonian graph, and this can be seen in example 3.
Example 3. The Fig. 4 depicts FCNG 1 ð1Þ which consists of five circuits. The nodes contained C 3 circuit are traversed more than once, so it is not an Hamiltonian graph, on contrary, it is an Eulerian graph. Theorem 2. The network topology which obtained from fractal structure for k is an Eulerian graph, which produced by traveling all nodes of mesh structure, by using 2n þ 2 bit labels. Total number of edges in FCNG 1 ðkÞ is E 1 ðkÞ ¼ 4ð4 kþ1 À 1Þ=3 and total number of nodes is 2 2kþ2 . Proof. Firstly, total number of nodes is 2 2kþ2 by Lemma 1. The rest of the proof has accomplished by mathematical induction.
Basic
Step: FCNG 1 ð0Þ is same as Hð2Þ and Hð2Þ has four edges. That is 4 ¼ 2 2kþ2 ¼ 2 2 for k ¼ 0. In order to construct FCNG 1 ð1Þ, four FCNG 1 ð0Þs are connected with four the first order external edges.
So, FCNG 1 ð1Þ
Step: For k ¼ n; FCNG 1 ðnÞ consists of four FCNG 1 ðn À 1Þs and four the second order external edges. This means that FCNG 1 ðnÞ consists of 
where FCNG
À1
2 ðk À 1Þ is labeling of nodes of FCNG 2 ðk À 1Þ which in reverse order
and E 2 ðkÞ ¼ 11 k E 2 ðk À 1Þ∪ 01 k E 2 ðk À 1Þ∪ 00 k E 2 ðk À 1Þ∪ 10 k E 2 ðk À 1Þ∪ E 0 where E 0 ¼ fðe i ; e j Þ je i ¼ ab and e j ¼ cd and ðabÞ4ðcdÞ ¼ 1, the labels of e i and e j are same except ab of e i and cd of e j g where m ¼ 0; 2; 4; …. Assume that v 1 and v 2 are two nodes whose labels are a 2kþ1 a 2k a 2kÀ1 …a 1 a 0 and b 2kþ1 b 2k b 2kÀ1 …b 1 b 0 , respectively. The ith order external edges can be obtained by the any of the following conditions: 
Hamiltonian properties of FCNG 2 ðkÞ
The Hamiltonian graph has got Hamiltonian cycle, Hamiltonian circuit that visits each node once (except for the vertex that is both the start and end, which is visited twice). A graph which contains a Hamiltonian cycle (closed path) is called Hamiltonian graph. The Hamiltonian properties of FCNG 2 ðkÞ is investigated in this section. Proof. The proof of the theorem can be done by mathematical induction.
Hypothesis
Step: Assume that FCNG 2 ðk À 1Þ is an Hamiltonian graph.
Final
Step: FCNG 2 ðkÞ is a Hamiltonian graph as seen in Fig. 9 . The FCNG 2 ðkÞ in Fig. 9 
Theorem 6. The node degrees of FCNG 2 ðkÞ are 2; 3 and 4. The number of nodes whose degrees are 2, is 4, the number of nodes whose degrees are 3, is 8ð4 k À 1Þ=3, and the number of nodes whose degrees are 4, is 4ð4 k À 1Þ=3. Proof. In the following table, by using the intuitive approach.
Easily, the proof has accomplished by mathematical induction. 
Recursive algorithm
In this section, we give a recursive algorithm is used for labeling to the nodes of mesh structure in Theorem 4. Firstly, we give an example. k=0 k=1 k=2 Fig. 8 . Basic step of mathematical induction proof. The routing algorithms on the FCNG 2 ðkÞ are similar to the routing algorithms on the hypercubes. FCNG 2 ðkÞ has ð2k þ 2Þ-bit labels and routing algorithms are designed with respect to this length. The routing algorithms are one-to-all broadcasting, all-toall broadcasting, and all-to-all personalized communication algorithms. All of the following algorithms are revised version of routing algorithms for hypercubes in [20] . (See the algorithms 2, 3 and 4 in Appendix).
There are three algorithms and their time complexities can be analyzed. The first algorithm is one-to-all broadcasting algorithm and its aim is to send a message from source to all remaining nodes. Assume that t s is start-up time and t w is a time of sending one word on a link (edge). Assume that the message sending strategy is storeand-forward. The upper bound for number of message sending steps is 2k þ 2. The time complexity for sending message of size mT oneÀtoÀall for FCNG 1 ðkÞ and FCNG 2 ðkÞ are T oneÀtoÀall 2ð2k þ 2Þðt s þ mt w Þ. The second algorithm is all-to-all broadcasting algorithm and its time complexity for sending messages of size mT allÀtoÀall ð2k þ 2Þðt s þ ð2k þ 2Þmt w Þ þ ð2kÞ ðt s þ 3x2 2k mt w Þ. The time complexity for all-to-all personalized communication for sending messages of sizes m is (0)) ¼ 2. k) The number of nodes whose degrees are 2, is ð2:4 kþ1 þ 4Þ=3 and the number of nodes whose degrees are 4, is 4ð4 k À 1Þ=3. l) The number of nodes whose degrees are 2, is 2, the number of nodes whose degrees are 3, is 8ð4 k À 1Þ=3 and the number of nodes whose degrees are 4, is 4ð4 k À 1Þ=3. m) The cost of a graph is the summation of the multiplication of number of nodes and their degrees. The cost of FCNG 1 ðkÞ is 2ð4 kþ2 À 4Þ=3 and the cost of FCNG 2 ðkÞ is 4:ð4 k þ 1Þ.
Conclusion and future work
In this paper, two subcubes of faulty hypercubes were derived and their properties were analyzed. These two subcubes FCNG 1 ðkÞ and FCNG 2 ðkÞ can be used as interconnection networks in case of faults occurred in the hypercube. New hypercube variants may be studied by using different fractal structures in nature, as a future work.
